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Abstract 



o; 

(N . Let (V, h) be a signed Hermitian space over a division algebra D which is of index at most two over a 

^ ' non-Archimedean local field k of residue characteristic not 2. Let G be the unitary group defined by h and 

_ a the adjoint involution. Suppose we are given two cr-invariant field extensions E\ and E2 of k in End.oCl'') 

{J*} ■ which are isomorphic as fe-algebras with involutions and suppose that there is a point x in the Tits building 

58(G) which is fixed by E* and E£ ■ If we fix a certain map from Ei to k, then the pair (Ei,a) defines 
a unique extension of ft to a signed Hermitian E\ ®k -D-form hi on V . Then any fc-algebra isomorphism 
from (Ei, a) to (E2, a) can be realized through conjugation by an element of the stabilizer of x in G if both 
(Ei,x) and (E2,x) have the same Broussous-Grabitz embedding type and hi is isomorphic to h,2- 

^\ 

^ " 1 Introduction 

a' 

This article is about a Skolem-Noether kind of lemma in the frame of p-adic classical groups in the case of 
odd residue characteristic. For general linear groups this kind of lemmas encoded the invariants for analyzing 
the rigidity of certain irreducible representations on open compact subgroups of a p-adic group. These repre- 
sentations, called simple types, are used to construct and classify supercuspidal representations of the group 

£ " of interest. The rigidity question for two simple types is how they are related if they are contained the same 

supercuspidal representation. For example I want to mention the work of Broussous and Grabitz [BGOOj which 
■ is used in the above classification question for GL m (D). For completeness let us mention that the latter is 
mainly done by Secherre, Stevens and Broussous in the frame of Bushnell-Kutzko theory. Stevens constructed 
Q\ ■ all supercuspidal representations for p-adic classical groups in the non-quaternion algebra case |Ste08j . To 
understand were the Skolem-Noether like proposition is involved let us give more details. Let H be a p-adic 
group of the kind mentioned above. A simple type itself is constructed by a combinatorial algebraic object, 
called simple stratum, which especially consists of a hereditary order a in an Azumaya algebra A over a non- 
Archimedean local field k and a field extension E\k in A such that E x normalizes a. Note that A always is the 
endomorphism ring of the vector space on which H is defined. We call such a pair (E, o) an embedding. An 
approach to the rigidity question for simple types is to study a certain rigidity of simple strata, which leads 
us to the classification of classes of embeddings with same hereditary order under conjugation by elements of 
a x n H . These classes are in one to one corresponding to certain numerical invariant which we call embedding 
type. For example in [BGOOj these embedding types are given for the case if H is A x , i.e. some GL m (D). From 
their article it is easy to deuce the following proposition. 



Proposition 1.1 If two embeddings (Ei, a) of A with k-algebra isomorphic fields and the same hereditary order 
a have the same embedding type then any k-algebra isomorphism between the two fields can be realized by a 
conjugation with an element of a x . 
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This article provides the analog proposition for p-adic groups. Here we consider a p-adic unitary group G 
defined by a signed Hermitian space (V, h) over a central division algebra of finite index over a non- Archimedean 
local field k of odd residue characteristic. We consider embeddings which are invariant under the adjoint 
involution a of h. Here A is End^(y). A non-trivial c-equivariant fc-linear map A^ from E to k for some E\k 
in A defines a Hermitian form h om the E ® k D-module V in the manner of |BS09I . For simplicity one assumes 
an extra condition on A^. The desired proposition which we prove here is: 

Proposition 1.2 If two invariant embeddings (JSj, a) of A with k-algebra a-equivariantly isomorphic fields and 
the same hereditary order a have the same embedding type and isomorphic Hermitian spaces (V, hi) then any 
k-algebra a-equivariant isomorphism between the two fields can be realized by a conjugation with an element of 
a x nG. 

I thank Prof. S. Stevens for giving me the hint to this topic and the DFG for financing my position at 
University Muenster for that project. 

Notation 1.3 Let D be a skew field of index one or two whose center is a non- Archimedean local field k of 
odd residue characteristic, and let p be an involution on D. We fix a non-degenerate e-Hermitian form h on an 
m- dimensional Right D-vector space V with adjoint involution a. We denote the fixed field of k under a by ko 
and U(/i) by G. The dual of ? with respect to h is written as , and if there is no confusion about h we write 
?* (see P22EI). We write G for GL D (V). 

We are given two fc-algebra monomorphisms 

0, : {E,a')^(End D (V),a), t = 1, 2 

which are cr'-cr-equivariant. Let Eq be the set of a'-fixed points. Let A be an element of 05(G), i.e. a self-dual 
lattice function. 

Definition 1.4 Let oa be the square lattice function of A and gA be the Moy-Prasad filtration. 

1. 01(A) := {g G GL D (V) \ ga^ 1 = a A }. 

2. U(A) := 91(A) n G = {g G G \ gQAg- 1 = g A }. 

Question: When does there exists an element g of U(A), such that §\ is conjugated to (j>2 via g? 
In the manner of Broussous and Stevens given in [BS09] we fix a non-zero fc-linear cr'-cr-equivariant map A 
from E to k such that 

Pe„ = {eeE \ \{eo Eo ) C p ko }. (1) 

We attach to <fii an e-hermitian form 

hi := hfa : V x V^E ® fe D 

with respect to a' ® k p such that 

h = X ®fe id_o ° hi- (2) 
For the proof see [BS09]. We recall, for two linear forms f\ and /2, 

fi ®fe h(v ®fc w ) '■= h(v)h(w)- 

Proposition 1.5 Suppose that (f>i(E x ) C 91(A), for i G {1, 2}, and (V, hi) is isomorphic to (V, h?) as hermitian 
E®kD spaces, suppose further that the pairs (cj)i(E), A) have the same Broussous- Grabitz embedding types. Then 
there is an element g of U(A) such that 

<j> 9 x (x) := 50i (x)g' 1 = fa(x), 

for all x G E. 
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Remark 1.6 Having the same Broussous-Grabitz embedding types |BG00] is equivalent in saying that there 
is an element u of a such that 

<t>t{£) := 4>2{x). 

The difference is that a priori that element does not lie in G. 

We follow the proof given in [B H96I 1.6]. Given a lattice chain L there the sequence of natural numbers 

di(L) := dim K , D (L i /L i+1 ) 

is called the invariant of C. Analogously we define di for lattice sequences and lattice functions. We call a lattice 
chain L on V self-dual with respect to h if L equals either (i* i )igz (type I) (L_ i+1 )i^z (type II) or 

(type II). 

In particular we have 

L* = Lq (I) or if = Lq (II). 

Lemma 1.7 If two self-dual lattice chains L and L' on V have the same type and the same invariants, then 
there is an element g of G such that the lattice chains gL and U equal. 

Proof: There is a Witt decomposition {Wi \ i G /} of V with respect to h which splits both lattice chains. 
W.l.o.g. we can assume that the anisotropic part Wo of the Witt decomposition is trivial, because L and L' 
equal on Wo by [BT871 2.9]. Let r be the period of L. We choose a decomposition of I into two disjoint set 7+ 
and I~ such that 

a(I+)=I-. 

Further we define 

W+ := W~ := (B^j-W, 

and 

l+ := L n w+, r :=Lnr. 

Let n(L,j) be the set of indexes i E I for which WiflLj differs from WiHLj+x. Analogously we define /j,(L + ,j), 
but this set can be empty. 

Case 1: We assume that L is of type (I) and r is even. We choose, for < j < |, injective maps 

0+: niL+J^rtL'j), 4>j: , j)->n(L', j) \ im(^+). 

Such a choice is possible because tij(Iv) equals dj(L'). We define 

/'+:= |J (im(0+)Ua(im(0T))), 

o<i<§ 

and we put I'~ to be the complement of I' + in I. Because of 

i e fJ>(L',j) if and only if a(i) E pb(L' ', -j - 1), (3) 
for all i e J, we have that I' + n cr(I' + ) is empty, and by symmetry I'~ n <j{I'~) is empty too. Thus 

a(7'+)=J'- 

This new decomposition of / defines 

W'+ := ® ieI >+Wi, W'~ := ffi i6 /'-Wii L ' + ■= L ' n W 7 ^' L '~ ■= L ' n W"'"- 
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By construction L' + and L + are lattice sequences with the same invariants, and there is an isomorphism u of 
-D-vector spaces from W + to W + such that uL + equals L' + . The map 

g := (u, 0) + <t((u-\ 0)) : W + © T4^-W'+ W'~ 

is an element of G and c/L equals L'. 

Case 2: The type of L is (I) and r is odd. We can construct W + and W ~ as in case 1, but the only think 
we have to change is the definition of <frt-i ■ Because of ([3]) the set fx(L', is invariant under the action of cr, 

i.e. since L and L' have the same invariants we can choose <fit-i such that 

— 2~~ 

a-(im(0t-i)) nim(0t-i) = 0- 

2 2 

We now conclude as in case 1. 

Case 3: The type of L is (II). Different to the cases before we have 

i e Li(L',j) if and only if a(i) G fi(L' , -j), (4) 

We follow the proof of the cases 1 and 2, but with the following differences: 

1. We consider < j < |, i.e. if r is even the index ^ is considered too in all formulas. 

2. The set \x(L\ 0) is cr-equivariant. 

3. If r is even the set fi(L' , ^) is cr-equivariant. 

For the cr-equivariant sets we apply the procedure of case 2 for the choice of the map ^ . After these preparations 
we conclude as in case one to finish the proof, q.e.d. 
We now proof the proposition for D = k. 

Proof: [of 1 1.51 for D = k] We only need to consider the self-dual lattice chain L which satisfies 

{L. t | ieZ} = im(A). 

As in [BH961 1.6]. we consider V as a hermitian E- vector space Vi via <fii and hi. By BS091 5.5] we have 

L*- h = L* M = L* M 

for all integers i. Thus L seen as an o^-lattice chain in V\ has the same type and the same invariants as it has in 
V2. Thus, since V\ and V% are isomorphic hermitian spaces and because of Lemma 1X771 there is an isomorphism 
it of hermitian spaces from V\ to V2 such that 

u(Li) = Li 

for all integers i. By @ the map u is an element of G, and being _E-linear implies 

01 = 02- 

q.e.d. 

Assumption 1.8 From now on, we assume D ^ k. This implies that ko equals k by 'Sch85, 10.2.2]. Thus we 
have two cases left. 

1. [E : k] is odd, i.e. E (gifc D is a skew field. In particular is a' the identity and E = Eq. 
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2. [E : k] is even, i.e. E ® k D is E-algebra isomorphic to M.2(E). 

Case 1: We can apply the proof of 11.51 for D = k, but we have to study OE® k D to generalize the proof 
of Lemma |BS091 5.5] to this case. We write A for E ®k D. We fix prime elements tte and ttjj of E and D, 
respectively. Let / and e be the inertia degree and the ramification index of E\k, respectively. 

Lemma 1.9 We extend the valuation v in k to a valuation, also denoted by on OE® k D and it equals to v®kV 
defined via 

(y (g> fe v)(t) := sup{inf{i/(e,) + v(di) | i £ 1} \ ^ e, ® fc dj = t} 

iei 

(see |BT841 (19)]). Further we have: 
1. The element 



is a prime element of A. 

2. The valuation ring of A is 

3. The valuation ideal of A is 



l-e 

7TA ■= TTr 2 ®fe 7TL> 



pE®o k O D +p E 2 ® 0k pD- 



Proof: We choose elements di, of oo and 1 < i < / of oe such that (01,02) is a K^-basis of Kd and 
(61, . . . , 6/) a Kfe-basis of k e . because of the coprime degrees the tuple of products 

(o»&j)i,j 

is a Kfe-basis of ka- The element 7ta is an a prime element of A, because 

l-e 1 1 

^(tta) 



2e 2 2e' 
and the tuple 

(7T A ai6 J )o<i<2e-l,l<i<2,l<j</ 

is a splitting basis of v on Z?|fc, i.e. we obtain 1. and 2.. By the Chinese reminder theorem the valuations 

K*js ®fc *d)> li e {0, . . . , e - 1}, l 2 e {0, 1} 

form a system of representatives of Z/(2eZ). And thus by |BT84[ (21)] the valuation i/on A equals to v ® k v. 
q.e.d. 

Lemma 1.10 Analogous to [BS091 5.5] Let be a fc-algebra monomorphisms from E to Endu(^) and assume 
that [E : k] is odd. Let M be a full o^-lattice of V and assume M to be an o^-lattice via <j). We then have 

M* Jl = M # 'V 

Proof: We define A to be A (gift ido- We repeat the argument of [BS09, 5.5]. 

M*' h = {veV\ h{v,M) Cp D } 

= {v e V I X(h(v,M)) C p A } 
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To prove the second equality we need to show 



Pa = {x e A X(xo A ) C p D }. 



C: This inclusion follows from statement 2 of Lemma rOl the equality (JXJ) and the identities 



1-e 



tta(o_e ®o k o D ) = P E 2 ®o k pA 



(5) 



and 



TTaIP^; 2 ®o fc Pd) = K k p E e ® 0k A = PE ®o fc « A ■ 



D: This follows because the OA-module 3 does not contain 1a by (UJ). q.e.d. 

Proof: [of ll.5l for case 1 on D ^ fc.] Because of Lemma ll.lOl the proof for the case D — k generalizes to this 



Case 2: If Proposition 1 1 . 5 1 is true then the corresponding field embeddings are conjugate under a unit of a and 
this means that the Broussous-Grabitz embedding types [BGOOj have to be the same. To prove Proposition [T75] 
we firstly generalize Lemma 1 1.71 

Lemma 1.11 If two self-dual ou-lattice functions A and A' on V have the same invariants and are o^-lattice 
functions with same Broussous-Grabitz embedding types, then there is an element h of the centralizer H of E 
in G, such that the lattice functions gA and A' equal. 

This case splits into two subcases. 

2.1 The inertia degree f(E\k) is odd. Note that here the embedding types are automatically the same. 

2.2 The inertia degree f(E\k) is even. 

Case 2.1: Let cf> be an equivariant embedding of (E,a') into Endo(F). Here we can find the following 
situation. There is a two-dimensional unramified and p-invariant field extension L in D, and an element pe of 
E such that p E , which we denote by ir^, is a prime element of k. Further we find a square root tte> of 7r^ in D, 
which normalizes L, such that p(ttd) is either +7Td of —no- We denote the non-trivial element of Gal(L|fc) by 
r. Let W an arbitrary dlm | ^ -dimensional i?-vector space. We define a right-D-action on W ®k L via 



As a E <E>k D-module the space W <25fc L is isomorphic to V by the theory of semi-simple modules. Thus we 
identity both of them. We now prove lemma IT. Ill for Case 2.1. . 

Proof: Step 1: The algebra E (dk D is i?-algebra isomorphic to Ma(-E) via 



where V is a unit in L which satisfies r(Z') = —I'. Wc identify E <E>k D with M.2(E). Let CDt be the image of 
W x W under h . For elements A of 9Jt we have 

• Ape = Attd and 

• p(ir D )A = a'(p E )A, 



case, q.e.d. 



(w ®fe l).ir D := {p E w ® k I). 
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especially if 

p(ir D )a l (p E ) = ttdPe (6) 

we have 

2«={(o tyleeE 
and if 

p(ir D )a l (p E ) = -TT D p E (7) 

we have 

»-{(' S)i— 

We define now a signed hermitian form on W. We define / from Ma(J5) to I? to be the sum of all entries, and 
we define He to be / o h, more precisely the following two cases occur: 
Case ©: 

h E = tr o/i|v7xiy- 

Case 0: 

fr.E = «21 o h\wxW, 

where 021 is the map from Ma(i£) to E 1 which maps a matrix to its entry on position (2, 1). 

Step 2: Let A be as assumed in the proposition. Then by [BL02] there is an op-lattice function F such that 
A equals T ® 0fc oj,. We want to apply Lemma [T771 and we need to prove is the self-duality of F with respect to 
h E , i.e. we have to prove 

h E (w, M) C p E if and only if h(w, M ® Dfc o L ) C p D , 
for all w £ W and all full op-lattices M of W. It follows from 

mnr 1 (p E ) = < mn f| u - 1 (A® fc id D )- 1 (p D ). 

To prove the last equation we use the decomposition 

M 2 (E) =E@El'® En D © EI'tt d . 

For example for case ©: Let A be an element of 971 with coefficients ei, e2, e 3 , e 4 in the above decomposition, 
then we have 

&2 = e 4 = 0, ei - e 3 p£; = 0, 
and every such matrix is an element of 971. Thus have f{A) £ pE if and only if e% £ ps, i-e. if and only if 

A(eiOfi) C p fe and A(e 3 o_E) C o k , 

i.e. if and only if 

A ®fc id D (o E A) C pp. 

q.e.d. 

Case 2.2: Here we follow a similar strategy as in case 2.1.. We fix an unramified two-dimensional field-extension 
L of k in D which is p-invariant and a prime element 7Td of D which normalizes L, such that the square of 7Td is 
a prime element of k denoted by and p(tvd) equals +7Td or —ttd- We can embed L into J5, because 2|/(£'|fc), 
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and we identify L with its image under the embedding. As in case 2.1. we identify E <E>k D with M-2(E) but 
now via 

— (; o').''-('o 

We now prove Lemma 11.111 for this case. 

Proof: [Case 2.2] Step 1: We consider the idempotents l 1 and l 2 in E <£>fc L, i.e. I 1 is the matrix E\ t \ and 
l 1 is the matrix i?2,2 in the standard notation of linear algebra. We define V % := W and W := V 1 , and we 
have to recall that V 2 = V 1 hd- Let VJl be the image of W x W under h. The equations 

• Al 1 = A and 

. (a'® k p)(l 1 )A = A, 
for A £ 9Jt imply that 

OT = {(o S)l ee£ }' (8) 

or 

-{(??) < 9 ' 

We take the same / as in Case 2.1. to define He- 

Step 2: Under the decomposition V — V 1 © V 2 the lattice function A has the form 

A(t) = e(t) e e(t - i)^ 

by [BL02J . Here is an element of Latt„ (S). The only property left to prove is that is self-dual. 
Step 2a: At first we show the equivalence of the following two statements for an element A of 9Jt. 

1. f(A) e p E . 

2. ^(oBAvr^ 1 ) e Pd- 

For this we look at the decomposition oi E ®k D as in case 2.1. and we obtain for A the relations 

© e3 = 64 = and e\ = l'e 2 - 

© ei = 62 = and 63 = i'e4. 
From these relations the equivalences follow from ©. 

Step 2b: We have to show 

e#(t) = A*{t)nv 1 . 

D: This follows directly from 2.=^1.. 
C: Let w be an element of 0#(t), i.e 

i.e. 



. we have 

M«;,e((-t)+)7r5 1 ) Cj, D) 
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and 

/i(u,,l 2 A(-i + M)+)) 

especially 

%l 2 A(H+))cp D . 

Thus 

h(w,A((-t)+))Cp D , 

and therefore iu is an element of A# (t) . 

Step 3: Let us now consider A and A' from the assumption of the Lemma. Let 9' be the intersection of A' 
with V 2 . Since both pairs (E,A) and (E,A') have the same embedding type both lattice functions have the 
same invariants we conclude that there is an element g of the centralizer H of E in G such that A equals g A 1 . 
The Broussous-Lemaire map j E [BL02] from < B(G) £X to *8(Z^) sends A to and A' to 6'. Thus 9 and 9' 
are in the same -ff -orbit, since je is iJ-equi variant. Lemma |1.7I implies now that there is an element h of the 
centralizer of E in G such that hQ equals 9'. Now the element g of G defined by 

g(w + w'ttd) ■= h(w) + h(w')ir£>, w, w' G V , 

is our desired element sending A to A', q.e.d. 

Proof: [of 11.51 for Case 2] We copy the proof for the case D = k, but for lattice functions, and we apply 
Lemma \1 . 1 II instead of Lemma IT77I q.e.d. 
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